
Solution: Motion of a rolling rod
R

A) a) The initial velo
ity and the angular velo
ity of therod is
v0 =

v1 + v2
2

, ω0 =
|v1 − v2|

L
.b) Sin
e the mass and the radius of the 
astor-wheels arenegligibly small, the for
e of stati
 fri
tion has only a 
ompo-nent parallel to the rod (otherwise the 
omponent of the stati
fri
tion perpendi
ular to the rod 
ause an in�nitely large angu-lar a

eleration.). From this, it follows that the torque a
ting onthe rod is zero, i.e. the angular velo
ity of the rod is 
onstant:

ω(t) = ω0.Sin
e all the for
es a
ting on the rod is parallel of its axis, themagnitude of the velo
ity of the 
enter of the rod remains 
onstant:
|v(t)| = v0,and the dire
tion of v(t) is always perpendi
ular to the rod. So the orbit of the 
enter of mass will be a
ir
le (see the upper Figure).During one period (2π/ω0) the 
enter of the rod draw a whole 
ir
le, so one 
an write:
2π

ω0

v0 = 2πR,where R is the radius of the 
ir
le. From this, it follows that the radius of the orbit of the 
enter of massis
R =

v0
ω0

=
v1 + v2
|v1 − v2|

L

2
.
) The 
entripetal a

eleration of the 
enter of mass is v20/R, so the equation of motion of the rodreads

µmg = mv0ω0,and the minimal 
oe�
ient of stati
 fri
tion for the slipless motion is
µ = (v0ω0)/g =

|v2
1
− v2

2
|

2gL
.

φ
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T
1

T
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B) a) The �gure shows the for
es a
ting on the rod in theplane of the surfa
e when the angle between the rod and thesteepest line is ϕ. Sin
e there is no torque a
ting on the rod,the angular velo
ity remains 
onstant: ω(t) = ω0. The equationof motion of the 
enter of mass in the dire
tion perpendi
ularto the rod is
mv̇ = −mg sinα sinϕ.



Taking into a

ount that ϕ = ϕ0 + ω0t (where ϕ0 is the initial angle between the rod and the steepestline), the equation of motion is analogous to the di�erential equation of a harmoni
 os
illator. So themagnitude of the velo
ity of the 
enter of the rod as the fun
tion of time is given by
v(t) = v(0) +

g sinα

ω0

cos(ω0t+ ϕ0),and its dire
tion is always perpendi
ular to the rod. The x- and y-
omponent of the velo
ity reads
vx(t) =

(

v(0) +
g sinα

ω0

cos(ω0t+ ϕ0)

)

cos(ω0t+ ϕ0), (1)
vy(t) =

(

v(0) +
g sinα

ω0

cos(ω0t+ ϕ0)

)

sin(ω0t+ ϕ0). (2)Taking the time average of the 
omponents (so we 
an eliminate the 
ir
ling motion of the 
enter of therod):
〈vx〉 =

g sinα

ω0

〈

cos2(ω0t+ ϕ0)
〉

=
g sinα

2ω0

,

〈vy〉 = 0,Now, it is obvious that the drift velo
ity is
vdrift = g sinα

2ω0

=
qL sinα

2|v1 − v2|
,and its dire
tion is horizontal (i.e. it is perpendi
ular to the steepest line).b) We 
an sket
h the orbit of the 
enter of mass:
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C) a) Equations (1) and (2) are still valid, we only have to �t them to the initial 
onditions:
v(t) =

(

v0 +
g sinα

ω0

(cos(ω0t)− 1)

)

(

cos(ω0t)

sin(ω0t)

)b) The velo
ity of the 
enter of the rod is zero i�
cos(ω0t) = 1−

v0ω0

g sinα
.Sin
e −1 ≤ cos(ω0t) ≤ 1, the 
ondition of the stopping of the 
enter of the rod reads

v0ω0

2g sinα
≤ 1.
) We have to distinguish the following two 
ases: the 
enter of the rod stops for a moment duringthe motion or not. In the �rst 
ase, the 
onservation of me
hani
al energy tells us that the maximaldispla
ement along the y dire
tion is

ymax =
v20

2g sinα
.2



In the se
ond 
ase (when v0ω0

2g sinα
> 1), the 
enter of the rod has a �nite velo
ity even at the highest pointof its orbit. From the expression of v(t) one 
an see, that at the highest point of the orbit the velo
ity ofthe 
enter of the rod is

vx(t =
π

ω0

) = v0 −
2g sinα

ω0

,so the 
onservation of me
hani
al energy reads
1

2
mv2

0
= mgymax sinα+

1

2
mv2

x
,from whi
h one 
an get the result

ymax =
2(v0ω0 − g sinα)

ω2
0

.D) a) In this situation using the equations (1) and (2) we 
an get the velo
ity of the rod's 
enter asthe fun
tion of time:
v(t) =

(

g sinα

ω0

sin(ω0t)

)

(

sin(ω0t)

− cos(ω0t)

)

,after some trigonometri
al manipulations we get:
v(t) =

(

g sinα

2ω0

)

[(

1

0

)

−

(

cos(2ω0t)

sin(2ω0t)

)]

.It 
an be seen that the endpoint of the velo
ity ve
tor moves along a 
ir
le with radius v∗ = g sinα

2ω0

and
enter ( g sinα

2ω0

, 0). So the 
enter of the rod moves as same as a point at the perimeter of a rolling 
ir
lewith velo
ity v∗, whi
h is a 
y
loid. We 
an 
al
ulate the radius of this 'rolling 
ir
le', if we re
ognizethat the period of this motion is π/ω0:
r∗ =

1

2π

π

ω0

v∗ =
g sinα

4ω2
0

.The di�eren
e between the lowest and highest position of the 
enter of the rod is ∆y = 2r∗ (measuredalong the steepest line). The orbit of the 
enter and the two endpoints of the rod is shown in the �gure.
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b) The magnitude of the for
e of stati
 fri
tion is maximal if the 
enter of the rod is in the lowestpossible position during the motion. At this point the 
entripetal a

eleration of the 
enter of mass is
(v∗)2/r∗, so the equation of motion is

µmg cosα−mg sinα = m
(v∗)2

r∗
,so µ = 2tgα.
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